In the present paper, we investigate the Gompertz function, which is commonly used, mostly as diffusion model, in economics and management. Our approach is based on indicating in a given time series, presumably with a Gompertz trend, some characteristic points corresponding to zeroes of successive derivatives of this function. This allows us to predict the saturation level of a phenomenon under investigation, by using only the early values of the time series. We also give an example of applications of this method.
Introduction
The Gompertz function is described by the following differential equation of the first order u u log u q (t) u'
where t denotes time (or expenditures), A phenomenon described by equation (1) and function u(t) has an important property that its rate of growth (t) u is proportional to the level already achieved i.e., u(t) . On the other hand, if u(t) is sufficiently large and close to max u , then the factor u u log max is more significant and its influence inhibits further growth of the function u(t) .
From mathematical point of view equation (1) is the first order ordinary differential equation, which is easily solved by the method of the separation of variables. After solving it we obtain the following formula for the Gompertz function qt ce max e u u(t)
where constant c appears in the integration process of (1) and is connected with the initial condition Mahjan et al. [4] show areas in which various S-shaped curves are used as diffusion models. The authors find that the Bass function can be used for modeling of consumer durable goods, retail services, agricultural, education, and industrial innovations. The logistic curve serves as model in industrial, high technology, administrative innovations, and the Gompertz function can be used for modeling consumer durable goods and agriculture innovations. This division into the areas of application is then confirmed in other studies (see [2, and 3] ). Many different applications of the Gompertz curve are given moreover in papers [7, and 8] .
The main idea of the present paper is to look, among the data of a given time series, for some characteristic points, which correspond to zeroes of derivatives of the Gompertz function. One of these points is clearly the point corresponding to the inflection point (i.e., the zero of u   ) of the Gompertz curve, at which, as is well known, the function takes value max 0,368u .
For a sufficiently long time series, the point corresponding to the inflection point is easy to locate approximately, even from the graph. A way to explain of the situation seems in seeking, in the time series, points corresponding to zeroes of successive derivatives of the Gompertz function. For equally spaced time points this is equivalent to calculating successive differences.
For example, as we will see in Section 3, the zero of the third derivative u    (i.e., the extreme Similar method was used in our paper [5] for phenomena having the logistic trend.
By considering examples from the field of economics and management we have demonstrated its usefulness and effectiveness.
In the present article, we use some formulas concerning the Gompertz function, which have been proved in paper [6] .
Properties of the Gompertz function
In contrast to the logistic function the Gompertz function does not have a symmetrical first derivative. Therefore, at the inflection point, the Gompertz function takes approximately the value max 0,368u , which is less than /2 u max (it is the value of the logistic function at its inflection point).
The graph of an exemplary Gompertz function is shown in Fig. 1 . We will introduce now Stirling numbers of the II kind because they are used in formulas for higher derivatives of the Gompertz function (see [1] for a good description of these numbers).
The Stirling number of the II kind, denoted by Knuth
is defined in combinatorics as the number of ways of partitioning a set of n elements into k nonempty subsets. For example three elements set consisting, say of numbers 1, 2, 3 can be partitioned into two nonempty subsets in three ways ({1} and {2, 3} or {2} and {1,3} or {3} and {1, 2}), only one way into three nonempty subsets ({1}, {2} and {3}) and also one way into one nonempty subset (in this case it is the whole set {1, 2, 3}).
The first few Stirling numbers of the II kind are given in Table 1 . is given by the following formula:
Using formula (3) and Table 1 let us write down formulas for the first few derivatives (6) From formula (4) it follows, what we have already mentioned, that the value of the Gompertz function at the only inflection point is equal:
In turn, by analyzing the quadratic function defined in brackets on the right hand side of (5), we easily come to the conclusion that the value of the Gompertz function at the least zero point of its third derivative (it is simultaneously the maximum point of the second derivative) is equal:
Similarly, numerically computing the zeroes of the cubic polynomial in the brackets of (6) (note that the Cardano formulas give exact expressions but they are too difficult for practical use in this case) we are able to estimate the value of the Gompertz function at the least zero point of its fourth derivative as max max 0,0112u 4,49086)u exp(   .
Applications
We will now attempt to apply the results derived in the previous section for actual data. The data are presented in Table 2 in column 2 and are for sale in the consecutive 41 weeks in year 2013 (Week, column 1) of bicycle accessories (expressed in hundreds PLN rounded to the nearest hundred after completing the calculation) in a large retail chain of sport goods in Poland. The name of the retail chain has been reserved. column 3 shows the Total Sale, cumulatively in weeks 1 to 41 (see also Fig. 2) . column 4 contains the exponentially smoothed values from column 2, with a smoothing constant equal to 0.17, and column 5 consecutive sums of the numbers from column 4. We will try to predict the saturation level using only the early part of the time series. Denote by n y consecutive values in column 5, indexed by the week numbers from column 1.
The columns 6 and 7 show respectively the second and third differences of the numbers from column 5. Let us recall that the second difference is defined by Since the next second difference (calculated for the 18th week) is only slightly less, that is, in 17th week does not occur a distinct maximum, it seems that the above obtained value could be slightly enlarged.
We also see that the maximum of the third difference occurred in 10th week and corresponds to the value 66,128 y 10  . Therefore the estimated saturation level will be equal to:
5,904,241 112 66,128/0.0 y max   .
The both above estimates of the saturation level well correspond to the actual level resulting from the primary data (see Fig. 2 ).
Looking more broadly at the management, the Gompertz curve (or, for example, the logistic curve, the Bass function or others, depending on the specific data) could be a tool for an improvement of the communication between different departments of the company. The logistics department can define, for the purchases department, the time period, within which it must enforce the appropriate size of delivery from suppliers (purchasing department deals with setting delivery times in the company from which the data have been received), so that the logistics department would have sufficient time for the receipt and delivery of the goods to shops. The curve shows the managers of a particular store, when they have to prepare, for instance furniture, on which the seasonal goods will be exhibited (retail chain in the study used furniture for skis and ski accessories and summer furniture just for bikes and bike accessories). Properly prepared curves thus allow the departments to be better self-organized.
Conclusions
The smoothing constant 0.17, used in the calculations of Table 2 , has been selected empirically. We wanted to remove random fluctuations from the initial part of the time series. We have checked however, that one could take here any value in the range from approx. 0.1 to 0.2.
We believe that our method, which consists of finding in a given time series, the points corresponding to zeroes of subsequent derivatives of the function describing the phenomenon under investigation, requires further study. One should examine its usefulness for others, possibly large datasets.
Furthermore, it seems that the method should be used together with existing methods of determining the characteristics of an S-shaped curve, for example, with the nonlinear least squares method.
